Introduction
Recently, the authors and Pilipović have constructed and studied new classes of distribution and non-quasianalytic ultradistribution spaces in connection with translation-invariant Banach spaces [2, 4] . Those spaces generalize the concrete instances of weighted D ′ L p and D ′ * L p spaces [1, 14] and have shown usefulness in the study of boundary values of holomorphic functions [3] and the convolution of generalized functions [4] .
The aim of this article is to extend the theory of ultradistribution spaces associated to translation-invariant Banach spaces by considering mixed quasianalytic cases. We have been able here to transfer all results from [4] to this new setting with the aid of various new important results for quasianalytic ultradistribution spaces of type S ′ * † (R d ) (see Subsection 1.1 for the notation) from [10] concerning the construction of parametrices and the structure of these spaces. Such technical results will be stated in Section 2 without proofs, as details will be treated in [10] . Although our results in the present paper are analogous to those from [4] , new arguments and ideas have had to be developed here in order to deal with the quasianalytic case and achieve their proofs.
In Section 3 we study the class of translation-invariant Banach spaces of ultradistributions of class * − †. These are translation-invariant Banach spaces satisfying S * † (R d ) ֒→ E ֒→ S ′ * † (R d ) and having ultrapolynomially bounded weight function of class †. Here * and † stand for the Beurling and Roumieu cases of sequences M p and A p , respectively. We would like emphasize that our considerations apply to hyperfunctions and ultra-hyperfunctions, which correspond to the symmetric choices M p = A p = p!; but more generally, our weight sequence M p , measuring the ultradifferentiability, is allowed to satisfy the mild condition p! λ ⊂ M p with the only requirement λ > 0. The growth assumption on A p is just p! ⊂ A p , which also allows to deal with Banach spaces whose translation groups may have exponential growth., topologically. As an application of our theory, we extend the theory of D η spaces not only by considering quasianalytic cases of * but also by allowing ultrapolynomially bounded weights η which may growth exponentially. We establish relations among them and make a detailed investigation of their topological properties. We would like to point out that applications of such results to the study of the general convolvability in the setting of quasianalytic ultradistributions will appear elsewhere [10] . We conclude this section with some results about convolution and multiplicative products on D ′ * E ′ * . 1.1. Notation. Let (M p ) p∈N and (A p ) p∈N be two sequences of positive numbers such that M 0 = M 1 = A 0 = A 1 = 1. Throughout the article, we impose the following assumptions over these weight sequences. The sequence M p satisfies the ensuing three conditions:
{M p−q M q }, p, q ∈ N, for some c 0 , H ≥ 1; ( * ) there exists λ > 0 such that p! λ ⊂ M p , i.e. there exist c 0 , L 0 > 0 such that p! λ ≤ c 0 L p 0 M p , p ∈ N. We assume that A p satisfies (M.1) and (M.2). Of course, without losing generality, we can assume that the constants c 0 and H from the condition (M.2) are the same for M p and A p . Moreover, we also assume that A p satisfies the following additional hypothesis: ( * * ) p! ⊂ A p ; i.e. there exist c 0 ,
The constants c 0 and L 0 in ( * ) and ( * * ) can be chosen to be the same and such that L 0 ≥ 1. Although it is not part of our assumptions, we will be primary interested in the quasianalytic case, i.e., A p for ρ > 0, respectively. They are non-negative continuous increasing functions (cf. [7] ). We denote by R the set of all positive monotonically increasing sequences which tend to infinity. For (l p ) ∈ R, denote by N lp and B lp (·) the associated functions of the sequences M p p j=1 l j and A p p j=1 l j , respectively. For h > 0 we denote by S
Mp,h
Ap,h the Banach spaces (in short (B)-space from now on) of all ϕ ∈ C ∞ (R d ) for which the norm
is finite. One easily verifies that for h 1 < h 2 the canonical inclusion S is an (F S)-space and S {Mp} {Ap} is a (DF S)-space. In particular they are both Montel spaces.
For each (r p ) ∈ R, by S
Mp,(rp)
Ap,(rp) we denote the space of all ϕ ∈ C ∞ (R d ) such that
Provided with the norm σ (rp) , the space S
Ap,(rp) becomes a (B)-space. Similarly as in [1, 9] , one can prove that S
Ap,(rp) .
In the future we shall employ S * † (R d ) as a common notation for S 
We adopt the following notations. The symbol " ֒→ " stands for a continuous and dense inclusion between topological vector spaces. For h ∈ R d and f ∈ S ′ * † (R d ) we denote as T h f translation by h, i.e., T h f = f ( · + h). We write
2. Some important auxiliary results on the space S * † (R d )
We collect in this section some important results on the nuclearity of S there exist an ultradifferential operator P (D) of class * and u ∈ S Mp,l Ap,l (u ∈ S Mp,(lp) Ap,(lp) ) such that P (D)u = δ and f = (P (D)u) * f = P (D)(u * f ) for each f ∈ B, where u * f is the image off under the transpose of the continuous mapping ϕ →ǔ * ϕ, S
The following statements are equivalent:
Translation-invariant Banach spaces of quasianalytic ultradistributions
We extend here the theory of translation-invariant Banach spaces of ultradistributions to the quasianalytic case. We closely follow the approach from [2, 4] , where the distribution and non-quasianalytic ultradistribution cases were treated. We mention that some of the arguments below are similar to those from [4] , but for the reader's convenience we include all details about the adaptations in the corresponding proofs.
Let E be a (B)-space. We call E a translation-invariant (B)-space of ultradistributions of class * − † if it satisfies the following three axioms:
There exist τ, C > 0 (for every τ > 0 there exists C > 0), such that
Notice that the condition (III) implicitly makes use of the continuity of T h . The next lemma shows that such a continuity is always ensured by the conditions (I) and (II).
Lemma 3.1. Let E be a (B)-space satisfying (I) and (II). The translation operators T h : E → E are bounded for all h ∈ R d .
Proof. Observe that T h is continuous as a mapping from E to S
and since its image is in E its graph is also closed in E × E (E × E is continuously injected into E × S ′ * † (R d ) via the mapping Id × Id). As E is a (B)-space, the closed graph theorem implies that T h is continuous.
Proof. The proof is straightforward and we omit it.
Summarizing, Lemma 3.1 and Lemma 3.2 prove that a translation-invariant (B)-space of ultradistributions E of class * − † satisfies the following stronger condition than (II):
( II) for each h > 0, T h : E → E is continuous and for each g ∈ E the mapping h → T h g, R d → E, is continuous.
Obviously the weight function is positive and ω(0) = 1. Furthermore, since S * † (R d ) is separable (it is an (F S)-space or a (DF S)-space, respectively), so is E. Thus ω(h) = T −h L(E) is the supremum of T −h g E where g belongs to a countable dense subset of the closed unit ball of E. Since h → T −h g E is continuous, ω is measurable. Clearly, the logarithm of ω is subadditive and there exist C, τ > 0 (for every τ > 0 there exists C > 0) such that ω(h) ≤ Ce A(τ |h|) .
Remark 3.3. In the Beurling case when A p = p!, the assumption (III) is superfluous. In fact, assuming only (I) and (II), Lemma 3.1 implies that for each h ∈ R d , T h : E → E is continuous. Additionally, one easily verifies that for each fixed ϕ ∈ S * † (R d ), the operator is T h ϕ → ϕ as h → 0 in S * † (R d ) and consequently in E. Hence, employing the same reasoning as above, we obtain that ω is a measurable positive function with subadditive logarithm. Therefore, there exist C, h > 0 such that ω(h) ≤ Ce k|h| , ∀h ∈ R d (cf. [5, Sect 7.4] ), which is in fact condition (III) in this case.
We will also give an alternative version of (III) in the Roumieu case which sometimes is easier to work with than (III). For this purpose we need the following technical result from [11] . 
See [7] for the definition of subordinate function.
Lemma 3.5. In the Roumieu case (III) is equivalent to the following one:
Proof. The proof is analogous to that of (c)
The next theorem gives a weak criterion to conclude that a (B)-space E is a translation-invariant space of ultradistributions of class * − †. Theorem 3.6. Let E be a (B)-space satisfying:
Then E is a translation-invariant (B)-space of ultradistributions of class * − †.
Proof. Employing the same technique as in the proof of Lemma 3.1, one easily verifies that conditions (I) ′ and (II) imply the continuity of T h : E → E. The proof of (III) can be obtain by adapting the proof of (c) in [4, Theorem 4.2] .
We now address (I). To prove
and ψ 1 is non-negative and even. Next, pick 
. Clearly, it is well defined. Let B be a bounded subset of S * † (R d ). Then for every h > 0 (there exists h > 0) such that
Now, [7, Lemma 3.6 ] implies
In the Beurling case, let h 1 > 0 be arbitrary but fixed. Choose h > 0 such that h ≥ max{2Hτ, 2h 1 } and e A(2Hτ λ) ≤ C ′ e hλ for all λ ≥ 0 (such an h exists because p! ⊂ A p ). By (3.3) and (3.4) we have
In the Roumieu case there existh,C > 0 such thath
. Then, by using (3.3) and (3.4) , similarly as in the Beurling case, we obtain (3.5), i.e.
, we obtain that the sequence
is a Cauchy sequence in E for each ϕ ∈ B. Since its limit is ϕ in S
This implies that S * † (R d ) ⊆ E and the inclusion maps bounded sets into bounded sets. As S * † (R d ) is bornological, the inclusion is continuous. It remains to
g ∈ E and ϕ ∈ B. Then (III) implies that there exist C, τ > 0 (for every τ > 0 there exists C > 0) such that
In the Beurling case Lemma 2.6 implies E ⊆ S
In the Roumieu case Lemma 2.6 together with Lemma 3. Throughout the rest of the article we shall always assume that E is a translation-invariant (B)-spaces of ultradistributions of class * − †. Our next concern is the study of convolution structures on E. We need three technical lemmas.
. One easily verifies that f is continuous, hence strongly measurable. To prove that it is Bochner integrable it remains to prove that
Thus f is Bochner integrable. Now, for n ∈ Z + , denote
We give the proof for the Roumieu case, the Beurling case being similar. There
By [7, Proposition 3.6] and the fact e A(ρ+µ) ≤ 2e A(2ρ) e A(2µ) , for ρ, µ > 0 (which can be easily verified), we have
Thus, for S 2 (x) we have the following estimate
To estimate S 1 , we proceed as follows
Hence
Now, (3.6) and (
As we noted, the Beurling case is completely analogous. By (I) this also implies L n → ψ in E. Denote by χ n,t the characteristic function of K n,t and define
Then L n is a simple function on R d with values in E and
By using the continuity of f one easily verifies that L n converges pointwisely to f. Moreover, by the definition of K n,t we have L n (y) E ≤ f(y) E + 2 −n , for y ∈ K n and for y ∈ K n , L n (y) = 0. Thus, by defining g(y) = 1/2 for y ∈ K 1 and g(y) = 2 −n when y ∈ K n \K n−1 for n ∈ Z + , n ≥ 2, we obtain
which completes the proof.
Furthermore, the following estimate holds
Then by Lemma 3.7, f is Bochner integrable and
Observe that f(y) E ≤ |ϕ(y)|ω(y) ψ E . Thus, we have
follows from a standard density argument. The continuity of the convolution as a bilinear mapping S * † (R d ) × E → E in the Beurling case is an easy consequence of (3.8). In the Roumieu case, from (3.8) we can conclude separate continuity, but S {Mp} {Ap} (R d ) and E are barreled (DF )-spaces, hence the separate continuity implies the continuity of the convolution.
One easily verifies that
We consider the Roumieu case, as the Beurling case is analogous. By ( III) there exist (l p ) ∈ R and C ′ > 0 such that ω(x) ≤ C ′ e B lp (|x|) . By Lemma 1.1 we can assume that (l p ) satisfies
Since ψ has compact support e
This inequality, together with e
Since the sequence A p p j=1 l j satisfies (M.2) with the constant 2H instead of H, [7, Proposition 3.6 ] implies e 2B lp (2|y|) ≤ c ′ e Br p (|y|) (by definition of (r p )).
Thus
Combining Lemmas 3.8 and 3.9, we immediately obtain the ensuing important proposition. 
Proof. Let 0 < ε < 1. We first consider the case when ϕ, g ∈ S * † (R d ). Observe that
One easily verifies that the function
Lemma 3.7 implies that f ε is Bochner integrable and
+ , dominated convergence together with (3.9) proves the corollary. Due to the density of S * † (R d ) ֒→ E, the conclusion in the lemma for g ∈ E and ϕ ∈ S * † (R d ) follows by using the estimate (3.8).
Proposition 3.12.
The space E ′ satisfies
given by h → T h f , are continuous for the weak * topology.
Moreover, the property (III) holds true when E is replaced by E ′ .
Proof. The proof is similar to that of [2, Proposition 2].
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We can now associate a Beurling algebra to E ′ . Seť
The very last equality follows from the well-known property
, which is of course a consequence of the bipolar theorem (cf. [12, p. 160] ). The associated Beurling algebra to the dual space
In view of Proposition 3.10, this convolution is well-defined becauseǔ ∈ L 1 ω . Corollary 3.13. We have u * f E ′ ≤ u 1,ω f E ′ and thus E ′ is a Banach module over the Beurling algebra L 1 ω . In addition, if ϕ ε and c are as in Corollary 3.11, then ϕ ε * f → cf as ε → 0 + weakly
In general the embedding
However, E ′ inheres the three properties (I), (II), and (III) whenever E is reflexive. The following result is a direct consequence of Proposition 3.12 and the Hahn-Banach theorem.
Proposition 3.14. If E is reflexive, then its dual space E ′ is also a translationinvariant (B)-space of ultradistributions of class * − †.
The fact that the mappings h → T h f , R d → E ′ do not have to be necessarily continuous in the non-reflexive case (E = L 1 (R d ) is an example) causes various difficulties when dealing with this space. As in the non-quasianalytic case [2, 4] , we will often work with the closed subspace E ′ * of E ′ from the following definition rather than with E ′ itself.
Note that E ′ * is a closed linear subspace of E ′ , due to the Cohen-Hewitt factorization theorem [6] and the fact that L 1 ω possesses bounded approximation unities.
where span(A) denotes the linear span of a set. To see this, let
The space E ′ * will be of crucial importance throughout the rest of this work. It possesses richer properties than E ′ with respect to the translation group, as stated in the next theorem. 
Proof. The proof goes in the same lines as that of [4, Theorem 4.4] We point out that (3.11) implies that
In view of property b ′ ) from Proposition 3.12, we can naturally define a convolution mapping
Observe that if E is a translation invariant (B)-space of ultradistributions of class * − †, then so isĚ. Clearly T h L(E) = T −h L(Ě) . Hence the convolution can be defined in the same way as a mapping fromĚ
We end this section with a simple proposition describing the mapping properties of this convolution. As usual, L We need the following two closed subspaces of L ∞ ω , (3.12)
The proof of the following proposition is simple and we thus omit it (the second part about the reflexive case follows from Proposition 3.14).
We conclude this section with some examples of translation-invariant (B)-spaces of quasianalytic ultradistributions. As usual, we write q for the conjugate index of p. As well known, (
In view of Proposition 3.17, the space E
The Beurling algebra of L p η can be explicitly determined as in [2, Proposition 10], we state the result for the reader's convenience. Note that when the logarithm of η is a subadditive function and η(0) = 1, the following proposition yields ω η = η (a.e.).
Clearly, the Beurling algebra of C η is L 1 ωη . We now compute the space E ′ * corresponding to E = C η . Note that η can be assumed to be continuous (the continuous weight η 1 = η * ϕ defines an equivalent norm if we choose ϕ ∈ D(R d ) being non-negative with R d ϕ(x)dx = 1). Thus E = C η is isometrically isomorphic to C 0 (R d ), the isometry being
′ is isometric isomorphism and thus for each f ∈ (C η ) ′ there exists a unique finite measure
for all ψ ∈ C η . We will denote the dual of
η (the proof is analogous to that of Lemma 3.9) and
Ultradistribution spaces of class * − † associated to translation-invariant (B)-spaces
In this section we construct and study test function and ultradistribution spaces associated to translation-invariant (B)-spaces of ultradistributions of class * − †. The construction of such spaces is similar to the one given in [4] in the non-quasianalytic case; however, the study of their properties requires new non-trivial arguments. We recall that throughout the rest of the paper E stands for a tempered translation-invariant (B)-space of ultradistributions whose growth function of its translation group is ω (cf. (3.1) ). The (B)-space E ′ * ⊆ E ′ was introduced in Definition 3.15.
4.1.
The test function space D * E . We begin by constructing our test space. Let
It is easy to verify that D
Mp,m E
is (B)-space with the norm · E,m . None of these spaces is trivial. To see this in the Beurling case one only needs to use the continuity of the inclusion S
for each m > 0. In the Roumieu case observe that S
Now, similarly one proves that S
for m 2 < m 1 and the inclusion mapping is continuous. As l.c.s. we define 
with norm · E,(rp) . Since for k > 0 and (r p ) ∈ R, there exists C > 0 such that We will often use the following results on the action of ultradifferential operators on the test space D * E (see [4] for their proofs). 
Ap,(kp) . We have
We obtain that χ n * (ϕ n ψ) is a Cauchy sequence in E, hence it converges. Since χ n * (ϕ n ψ) → ψ in S 
Let ε > 0. Since ψ is compactly supported,
As |χ(y)|e
Of course, we can assume that c 1 is large enough such that supp ψ ⊆ {x ∈ R d | |x| ≤ c 1 }. Clearly D α ψ(x) = 0 and D α ψ(x − y/n) = 0 for all n ∈ Z + when |x| > 2c 1 and |y| ≤ c 1 . Hence, for |x| ≤ 2c 1 , |y| ≤ c 1 and n ∈ Z + there exists C 2 such that e B kp (2|x−y/n|) ≤ C 2 . Since D α ψ is continuous, there exists n 0 ∈ Z + such that for all n ≥ n 0 , |x| ≤ 2c 1 and |y| ≤ c 1
.
These estimates, together with (4.3), imply e
ε for all n ≥ n 0 . We obtain that for each α ≤ β, e
In other words f is a continuous function whose all distributional derivatives are continuous functions. Now the Sobolev imbedding theorem applied on a ball with center at a fixed point x ∈ R d implies that f is C ∞ in that ball. As x is arbitrary, the assertion follows.
Define for every m, h > 0 the (B)-spaces
Observe that for m 1 ≤ m 2 we have the continuous inclusion O {Mp} {Ap},h is barreled and bornological (DF )-space, as inductive limit of (B)-spaces. By this considerations it also follows that O * †,C is continuously injected into C ∞ (R d ). One easily verifies that S * † (R d ) is continuously and densely injected into O * †,C . We mention that O * †,C was introduced and studied in [4] in the non-quasianalytic case. 
E the convergence also holds in E and thus Proposition 3.19 implies u * f ν → u * f in UCω and therefore also in S
. Now after taking limit in (4.6), we obtain (4.5). For
E ⊆ E, Proposition 3.19 and the discussion preceding it imply that D β f is continuous function and
By Lemma 4.3 (and its proof), we have
Since there exist τ, C ′′′ > 0 such that ω(x) ≤ C ′′′ e A(τ |x|) , by using [7, Proposition 3.6], we obtain ω(−x)e A(τ |x|) ≤ C 4 e A(τ H|x|) . Hence
which proves the continuity of the inclusion D , keeping notations as above, by Lemma 4.3 (and its proof), we have
For the fixed h take τ > 0 such that τ H ≤ h. Then there exists C ′′′ > 0 such that ω(x) ≤ C ′′′ e A(τ |x|) and by using [7, Proposition 3.6] we obtain ω(x)e A(τ |x|) ≤ C 4 e A(τ H|x|) . Similarly as above, we have
which proves the continuity of the inclusion D
Observe that (4.4) follows from (4.7) and (4.8), respectively. It remains to prove that D α f ∈ Cω. We will prove this in the Roumieu case as the Beurling case is similar. By using Lemma 4.4, with a similar technique as above, one can prove that for every (
, the proof of the previous proposition (combined with Proposition 3.10) yields
Employing a similar technique as in the proof of Lemma 4.3 (Lemma 4.4), we obtain that for every m > 0 there existm > 0 and C 1 > 0 (for every (k p ) ∈ R there exist (l p ) ∈ R and C 1 > 0) such that ′ is motivated by the next structural theorem which characterizes the elements of this dual space and bounded sets in two ways, in terms of convolution averages and as the product of ultradifferential operators acting on elements of E ′ * . Theorem 4.9. Let B ⊆ S ′ * † (R d ). The following statements are equivalent:
there exist a bounded subset B 1 of E ′ and an ultradifferential operator P (D) of class * such that each f ∈ B can be expressed as f = P (D)g with g ∈ B 1 . (v) there exist B 2 ⊆ E ′ * ∩ UC ω which is bounded in E ′ * and in UC ω and an ultradifferential operator P (D) of class * such that each f ∈ B can be expressed as f = P (D)g with g ∈ B 2 . Moreover, if E is reflexive, we may choose
the composition of two ultradifferential operators is again an ultradifferential operators, hence f = P 2 (D)(v * (u * f )), where 
spaces. In this subsection we discuss some important examples of the spaces D * E and D
′ * E ′ *
, where E is taken as a weighted L p η spaces. In the next considerations we retain the notation exactly as in Example 3.20. In particular, η is ultrapolynomially bounded weight of class † and the number q always stands for p
. It should be mentioned that in the case η = 1 and M p = A p satisfy (M.3) the spaces we study below were considered in [9] (see also [1] ). The non-quasianalytic case with A p = M p was studied in detail in [4] .
Consider now the spaces
Nonetheless, we can repeat the proof of Lemma 4.1 to prove that D 
We immediately see thatḂ
Cη . In the Roumieu case this is result is given by the following theorem. Its proof is analogous to that of [4, Theorem 7 .2] and we omit it. 
, by Theorem 4.9, there exist an ultradifferential operator
. Moreover, as an easy consequence of the Sobolev imbedding theorem, we obtain that 
are equal as sets. First we prove that the bidual oḟ
, and toD
and put R α = |α| j=1 r j ). Observe the set
One easily proves that B r is bounded subset of D
, by Theorem 4.9 there exist an ultradifferential operator P (D) of class * and g ∈ L 1 η such that f = P (D)g. Define S ψ by
Obviously, the integral on the right hand side is absolutely convergent. We will prove that S ψ is well defined element of D
, n ∈ Z + , be as in ii) of Lemma 2.3. Then it is easy to verify that
as n → ∞. Also, observe that for each n ∈ Z + , ϕ n ψ ∈ S * † (R d ) and thus
Hence, S ψ is a well defined mapping D η is the limit of {g λ } λ∈Λ . But then one easily verifies that 
Choose 0 < h 1 < h. Let ε > 0 be arbitrary but fixed. Take p 0 ∈ Z + such that (h 1 /h) |α| ≤ ε/(2C) for all |α| ≥ p 0 . Since
, for the sequence r p = p, p ∈ Z + , there exists λ 0 such that for all λ ≥ λ 0 we have
It follows that ψ λ → ψ in D (Ap) (R d ) for each n ∈ Z + , ψ ∈ B. For r > 0 one easily verifies that ϕ n ψ L ∞ η ,r ≤ ϕ L ∞ ,2r ψ L ∞ η ,2r . Hence the setB = {ϕ n ψ| n ∈ Z + , ψ ∈ B} is bounded subset ofḂ 
